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Abstract
In this paper, we study the computation of curvatures at the singular points of
algebraic curves and surfaces. The idea is to convert the problem to compute the
curvatures of the corresponding regular parametric curves and surfaces, which have
intersections with the original curves and surfaces at the singular points. Three
algorithms are presented for three cases of plane curves, space curves and surfaces.
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1 Introduction
As we know, curvatures are important geometric information of curves and surfaces in
geometric modeling. In general, there are two ways to represent curves and surfaces: para-
metric form and implicit form. For parametric curves or surfaces, the curvature formulas
were well known [1,2]. Recently, the curvature formulas for implicit curves and surfaces
were collected and derived in [3], including curvature for implicit planar curves, curva-
ture and torsion for implicit space curves, and mean and Gaussian curvature for implicit
surfaces. However, the curvature formulas have been obtained only based on the regular
points of the implicit curves and surfaces. The curvature at singular point of implicit
curves or surfaces has not been discussed yet. In this paper, three algorithms are pre-
sented for the cases of algebraic curves and surfaces. The idea is to convert the problem
to compute the curvatures of the corresponding regular parametric curves and surfaces,
which have intersections with the original curves and surfaces at the singular points.
For given an algebraic curve C : F (x, y) = 0, and a particular point P of C. If the gradient
∇F vanishes at P , then P is a singular point of C [4]. In view of geometry, there is only
one tangent to the curve at the regular point (where ∇F 6= 0), and there are more than
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one tangents (counting multiplicity) to the curve at the singular point. The tangents are
corresponding to different branches of the curve at the singular point respectively. The
number of the tangents is the multiplicity of the singular point. Therefore, the curvature
at the singular point of the algebraic curve can be defined by the curvature of the branch
of the curve along every tangent at the singular point. The cases of algebraic surfaces and
space algebraic curves can be discussed similarly in the present paper.
The rest of the paper is composed of three parts for the cases of plane algebraic curves,
algebraic surfaces and space algebraic curves, respectively. In each section, the computa-
tion of the curvature at the singular point is presented as an algorithm. The correctness
of the algorithms are verified by the consistence with the curvatures at the regular points.
The procedure of the curvature computation by the algorithms are illustrated by some
examples according to different cases.
2 Curvatures at the singular points of plane algebraic curves
Firstly, we recall the method presented in [4] for computing the tangents of an algebraic
curve at its singular points.
Let C be a curve in the real plane R2, defined by the polynomial equation F (x, y) = 0,
and P a particular point of C with coordinates (a, b). Let L be a straight line through the
point P , then the parametric equations of L are
{
x = a+ λt,
y = b+ µt,
(1)
where L is determined by the ratio λ : µ. The intersections of L and C are corresponding
to the roots of the equation F (a + λt, b + µt) = 0. Expanding the left side in a Taylor
series in t and noticing F (a, b) = 0, we obtain
(Fxλ+ Fyµ)t+
1
2!
(Fxxλ
2 + 2Fxyλµ+ Fyyµ
2)t2 + · · · = 0,
where Fx, Fy, . . . are the derivatives of F at P .
Case 1. Regular point. If not all of Fx, Fy vanish at P , then every line through P has a
single intersection with C at P , with the one exception corresponding to the value of λ : µ
which makes Fxλ+Fyµ = 0. This line is called the tangent to C at P , and determined by
Fx(a, b)(x− a) + Fy(a, b)(y − b) = 0.
Case 2. Singular point. If Fx(a, b) = Fy(a, b) = 0. Suppose that r is the minimal natural
number such that not all derivatives of order r of F (x, y) vanish at P . Then every line
through P has at least r intersections with C at P , and precisely r such lines, properly
counted, have more than r intersections. These exceptional lines µ(x−a)−λ(y−b) = 0 are
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called tangents to C at P , correspond to the ratios λ : µ satisfying the following equality
Fxrλ
r +
(
r
1
)
Fxr−1yλ
r−1µ+ · · ·+
(
r
r
)
Fyrµ
r = 0. (2)
P is said to be a point of C of multiplicity r, or an r-fold point. A point of C of multiplicity
one is called a simple point or regular point of C. A point of multiplicity two or more is
said to be singular.
Some algebraic curves were presented in [4] with singular point at the origin as follows.
Example 1 F (x, y) = x3 − x2 + y2 = 0 (see Fig. 1).
Example 2 F (x, y) = x3 + x2 + y2 = 0 (see Fig. 2).
Example 3 F (x, y) = x3 − y2 = 0 (see Fig. 3).
Example 4 F (x, y) = 2x4 − 3x2y + y2 − 2y3 + y4 = 0 (see Fig. 4).
Example 5 F (x, y) = x4 + x2y2 − 2x2y − xy2 + y2 = 0 (see Fig. 5).
Example 6 F (x, y) = (x2 + y2)2 + 3x2y − y3 = 0 (see Fig. 6).
Example 7 F (x, y) = (x2 + y2)3 − 4x2y2 = 0 (see Fig. 7).
Example 8 F (x, y) = x6 − x2y3 − y5 = 0 (see Fig. 8).
Fig. 1. x3 − x2 + y2 = 0. Fig. 2. x3 + x2 + y2 = 0. Fig. 3. x3 − y2 = 0.
As shown in each figure, there are different branches corresponding with every tangent
to the curve at the origin. Hence, the curvature at the singular point can be defined as
the curvatures of all branches of the curve at the singular point. In other words, the
curvature at the singular point of the curve can be distinguished along each tangent. By
the following method, the curvatures can be computed simultaneously.
Let Γ be a quadratic parametric plane curve through the point P of C, determined by
r(t) =


x = a+ a1t+
1
2
a2t
2,
y = b+ b1t+
1
2
b2t
2.
(3)
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Fig. 4.
2x4−3x2y+y2−2y3+y4 = 0.
Fig. 5.
x4+x2y2−2x2y−xy2+y2 = 0.
Fig. 6.
(x2 + y2)2 + 3x2y − y3 = 0.
Fig. 7. (x2+y2)3−4x2y2 = 0. Fig. 8. x6 − x2y3 − y5 = 0.
Then r(0) = (a, b), r′(0) = (a1, b1), r′′(0) = (a2, b2), and the curvature at P = (a, b) of Γ
is ([1])
k =
| det(r′ r′′)|
|r′|3 =
|x′y′′ − x′′y′|
(x′2 + y′2)3/2
=
|a1b2 − a2b1|
(a21 + b
2
1)
3/2
. (4)
The intersections of Γ and C are corresponding to the roots of the equation F (x(t), y(t)) =
0. Expand it by the power of t and notice that F (a, b) = 0, then we have
F (x, y)
=Fx(x− a) + Fy(y − b) + 1
2!
(Fxx(x− a)2 + 2Fxy(x− a)(y − b) + Fyy(y − b)2) + · · ·
+
1
r!
(Fxr(x− a)r +
(
r
1
)
Fxr−1y(x− a)r−1(y − b) + · · ·+
(
r
r
)
Fyr(y − b)r) + · · ·
=C1t + C2t
2 + · · ·+ Crtr + · · · , (5)
where Ci denotes the coefficients of t
i (i = 1, 2, . . .). There are two cases according to the
singularity of P .
Case 1. If P is a regular point of C, (Fx, Fy) 6= 0, then
C1 = Fxa1 + Fyb1,
C2 =
1
2
(Fxa2 + Fyb2) +
1
2
(Fxxa
2
1 + 2Fxya1b1 + Fyyb
2
1).
(6)
4
Case 2. If P is a singular point of C with multiplicity r, then
C1 = 0,
...
Cr−1 = 0,
Cr =
1
r!
(Fxra
r
1 +
(
r
1
)
Fxr−1ya
r−1
1 b1 + · · ·+
(
r
r
)
Fyrb
r
1).
(7)
By Cr = 0, we obtain the tangent vectors r
′(0) = (a1, b1) same to Eq. (2). It means that
the parametric curve Γ has all the same tangents with the algebraic curve C at the singular
point P , and they have the intersection point P with multiplicity more than r. Note that
the root r′(0) = (a1, b1) 6= 0, i.e., P is a regular point of the parametric curve Γ. By Frenet
equations, a parametric curve is determined by the tangent, curvature and torsion at its
regular point. Hence, when Γ and C have the intersection point P with multiplicity much
more than r, they will have same curvatures at P along all tangents.
Consequently, the computation of the curvature at the singular point of the algebraic curve
C along the tangent (a1, b1) is converted to compute the curvature at the regular point of
the quadratic parametric curve Γ along the same tangent. We conclude the procedure as
the following algorithm.
Algorithm 1 (Curvatures at the singular point of a plane algebraic curve)
For given a plane algebraic curve C : F (x, y) = 0, and P = (a, b) is an r-fold point of C.
Let Γ be a parametric quadratic curve through the point P defined by Eq. (3), then the
curvature at P along every tangent to C is determined by the quadratic curve Γ, which
has intersection with C at P with multiplicity of l > r + 1.
1) The r tangents (a1, b1) to C at P are determined by Cr = 0, where Cr satisfying Eq. (5).
2) Substitute the above a1, b1 into Eq. (5), if l is the minimal natural number such that
Cr = · · · = Cl−1 = 0, Cl 6= 0, then the curvature of C at P along the tangent (a1, b1)
equals to the curvature of Γ at P , determined by Cl = 0. The curvature is computed
by formula (4).
In order to verify the correctness of Algorithm 1, we firstly prove that the curvature
obtained by Algorithm 1 is same to that by formula in [3] if P is regular.
Theorem 1 If P is a regular point of C, the curvature at P by Algorithm 1 is equivalent
to the curvature formula for regular implicit plane curves,
k =
|Tan(F ) ∗H(F ) ∗ Tan(F )T |
|∇F |3 =
|(−Fy Fx)
(
Fxx Fxy
Fyx Fyy
)(−Fy
Fx
)
|
(F 2x + F
2
y )
3/2
. (8)
Proof The multiplicity of P is r = 1. By C1 = 0 in Eq. (6), then a1 : b1 = −Fy : Fy.
Without loss of generality, we may assume a1 = −Fy, b1 = Fx, then
C2 =
1
2
(b1a2 − a1b2) + 1
2
(FxxF
2
y − 2FxyFxFy + FyyF 2y ).
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By C2 = 0 and curvature formula (4) for parametric plane curve Γ, we obtain the curvature
at P of C as
k =
|a1b2 − a2b1|
(a21 + b
2
1)
3/2
=
|FxxF 2y − 2FxyFxFy + FyyF 2y |
(F 2x + F
2
y )
3/2
=
|(−Fy Fx)
(
Fxx Fxy
Fyx Fyy
)(−Fy
Fx
)
|
(F 2x + F
2
y )
3/2
.
The proof is completed.
Next, we take an example of a reducible curve to illustrate the computation of curvatures
at the singular point by Algorithm 1.
Example 9 F (x, y) = (x − y)(x2 + y2 − 2Rx). There are two singular points (0, 0) and
(R,R) of the curve F (x, y) = 0. We only focus on the case of P = (0, 0), the other one
can be discussed similarly. As shown in Fig. 9, it is clear that the curve is composed of a
straight line x = y and a circle with a radius of R crossing at the origin. Hence, the two
tangent vectors are (1, 1) and (0, 1), and the two curvatures are 0 and 1/R corresponding
to the straight line and the circle, respectively.
Fig. 9. (x− y)(x2 + y2 − 2Rx) = 0.
By Algorithm 1, let
r(t) =


x(t) = a1t+
1
2
a2t
2,
y(t) = b1t +
1
2
b2t
2,
then
F (x, y) = −2a1(a1 − b1)Rt2 + ((a1 − b1)(a21 + b21 − a2R)− a1(a2 − b2)R)t3 + · · · .
By Eq. (5), C2 = −2a1(a1 − b1)R 6= 0, hence, P = (0, 0) is a 2-fold point (or double
point). Let C2 = 0, then we have two solutions a1 = b1 and a1 = 0 corresponding to the
two following cases respectively.
1) When a1 = b1 6= 0, then C2 = 0, C3 = −a1(a2 − b2), and the tangent is (1, 1). Let
C3 = 0 because the order of the singularity is two, then a2 = b2. By Eq. (4), we obtain
the curvature k = 0 along the tangent (1, 1).
2) When a1 = 0, b1 6= 0, then C2 = 0, C3 = −b1(b21 − a2R), and the tangent is (0, 1). Let
C3 = 0, then a2 = b
2
1/R, the curvature k = |a2/b21| = 1/R along the tangent (0, 1).
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Further, we compute the curvatures at the origin of the curves in Examples 1-8 by Algo-
rithm 1, as shown in Figures 1-8.
Ex. 1 F (x, y) = x3 − x2 + y2 = 0. C1 = 0, C2 = −a21 + b21, C3 = a31 − a1a2 + b1b2, and the
multiplicity r = 2.
1) When a1 = b1 6= 0, then C2 = 0, C3 = −b1(a2 − b21 − b2). Let a2 = b21 + b2, then
C3 = 0, k =
√
2/4 along the tangent (1, 1).
2) When a1 = −b1 6= 0, then C2 = 0, C3 = b1(a2 − b21 + b2). Let a2 = b21 − b2, then
C3 = 0, k =
√
2/4 along the tangent (1,−1).
Ex. 2 F (x, y) = x3 + x2 + y2 = 0. C1 = 0, C2 = a
2
1 + b
2
1, C3 = a
3
1 + a1a2 + b1b2, and the
multiplicity r = 2.
1) When a1 = 1, b1 = i, then C2 = 0, C3 = 1 + a2 + b2i. Let a2 = −1 − b2i, then
C3 = 0, k = |a1b2 − a2b1|/0 = |i|/0 =∞ along the tangent (1, i).
2) When a1 = 1, b1 = −i, then C2 = 0, C3 = 1 + a2 − b2i. Let a2 = −1 + b2i, then
C3 = 0, k = |a1b2 − a2b1|/0 = | − i|/0 =∞ along the tangent (1,−i).
Ex. 3 F (x, y) = x3 − y2 = 0. C1 = 0, C2 = −b21, C3 = a31 − b1b2, and the multiplicity
r = 2. Since b1 = 0 is a double root of C2 = 0, there is a double tangent (1, 0) at
the singular point.
When b1 = 0, then C2 = 0, C3 = a
3
1. We want C3 to be zero because the order of
singularity is two, then we have a1 = 0. However, it means that the origin is also a
singular point of the parametric curve r(t) as r′(t) = (a1, b1) = (0, 0). In fact, the
parametric curve is
r(t) =


x(t) =
1
2
a2t
2,
y(t) =
1
2
b2t
2,
i.e., it is a ray with the end point P = (0, 0). Because the meaning of curvature is
to measure the speed of rotation of the tangent, we can define the curvature of the
ray at the end point by infinity.
On another hand, by solving the equation F (x, y) = x3 − y2 = 0, we obtain the
two components of the curve, y =
√
x3 and y = −
√
x3. The condition x ≥ 0 is
necessary such that the curve is real. Hence, the singular point P is the end point
of the algebraic curve. By Eq. (4), the curvature of the component y =
√
x3 is
k(x) =
6√
x(4 + 9x)3/2
.
When x tends to zero, the limit of k(x) is infinity. Hence, the curvature of the curve
F (x, y) = x3 − y2 = 0 at the origin is ∞ along the double tangent (1,0).
Ex. 4 F (x, y) = 2x4−3x2y+y2−2y3+y4 = 0. C1 = 0, C2 = b21, C3 = −b1(3a21+2b21−b2),
and the multiplicity r = 2. When b1 = 0, then C2 = C3 = 0, C4 =
1
4
(2a21−b2)(4a21−
b2), and there is a double tangent (1, 0) at the singular point.
1) Let b2 = 2a
2
1, then C4 = 0, k = |b2|/a21 = 2.
2) Let b2 = 4a
2
1, then C4 = 0, k = |b2|/a21 = 4.
Ex. 5 F (x, y) = x4+x2y2−2x2y−xy2+y2 = 0. C1 = 0, C2 = b21, C3 = −b1(2a21+a1b21−b2),
and the multiplicity r = 2. When b1 = 0, then C2 = C3 = 0, C4 =
1
4
(2a21− b2)2. Let
b2 = 2a
2
1, then C4 = 0, k = |b2|/a21 = 2 along the double tangent (1, 0).
Ex. 6 F (x, y) = (x2 + y2)2 + 3x2y − y3 = 0. C1 = C2 = 0, C3 = b1(3a21 − b21), and the
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multiplicity r = 3.
1) When b1 = 0, then C3 = 0, C4 =
1
2
a21(2a
2
1 + 3b2). Let b2 = −23a21, then C4 = 0,
k = |b2|/a12 = 23 along the tangent (1, 0).
2) When a1 = 1, b1 =
√
3, then C3 = 0, C4 = 16+3
√
3a2−3b2. Let b2 = 163 +
√
3a2,
then C4 = 0, k =
2
3
along the tangent (1,
√
3).
3) When a1 = 1, b1 = −
√
3, then C3 = 0, C4 = 16−3
√
3a2−3b2. Let b2 = 163 −
√
3a2,
then C4 = 0, k =
2
3
along the tangent (1,−√3).
Ex. 7 F (x, y) = (x2 + y2)3 − 4x2y2 = 0. C1 = C2 = C3 = 0, C4 = −4a21b21, and the
multiplicity r = 4.
1) When a1 = 0, then C4 = C5 = 0, C6 = −b21(a2 − b21)(a2 + b21). Let a2 = b21 or
a2 = −b21, then C6 = 0, k = |a2|/b21 = 1 along the double tangent (0, 1).
2) When b1 = 0, then C4 = C5 = 0, C6 = a
2
1(a
2
1 − b2)(a21 + b2). Let b2 = a21 or
b2 = −a21, then C6 = 0, k = |b2|/a21 = 1 along the double tangent (1, 0).
Ex. 8 F (x, y) = x6 − x2y3 − y5 = 0. C1 = C2 = C3 = C4 = 0, C5 = −b31(a21 + b21), and the
multiplicity r = 5.
1) When b1 = 0, then C5 = 0, C6 = a
6
1. It is same to the case in Ex. 3. Then the
curvature of the curve F (x, y) = 0 at the origin is ∞ along the tangent (1,0) of
multiplicity 3.
2) When a1 = 1, b1 = i, then C5 = 0, C6 = 1 + a2i − b2. Let b2 = 1 + a2i, then
C6 = 0, k = |a1b2 − a2b1|/0 = 1/0 =∞ along the tangent (1, i).
3) When a1 = 1, b1 = −i, then C5 = 0, C6 = 1 − a2i− b2. Let b2 = 1 − a2i, then
C6 = 0, k = |a1b2 − a2b1|/0 = 1/0 =∞ along the tangent (1,−i).
The tangents and curvatures at the origin of the curves in Examples 1-8 are concluded in
the following table.
Table 1
Curvatures at the origin on the curves in Examples 1-8.
Ex. Tan.1 Cur.1 Tan.2 Cur.2 Tan.3 Cur.3 Tan.4 Cur.4 Tan.5 Cur.5
1 (1, 1)
√
2/4 (1,−1) √2/4
2 (1, i) ∞ (1,−i) ∞
3 (1, 0) ∞ (1, 0) ∞
4 (1, 0) 2 (1, 0) 4
5 (1, 0) 2 (1, 0) 2
6 (1, 0) 2/3 (1,
√
3) 2/3 (1,−√3) 2/3
7 (1, 0) 1 (1, 0) 1 (0, 1) 1 (0, 1) 1
8 (1, 0) ∞ (1, 0) ∞ (1, 0) ∞ (1, i) ∞ (1,−i) ∞
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3 Curvatures at the singular points of algebraic surfaces
For given an algebraic surface S : F (x, y, z) = 0, we discuss the Gauss and mean curva-
tures at the singular point P , where gradient ∇F = 0. Let Σ be a quadratic parametric
surface through the point P = (a, b, c) on S, denoted by
r(s, t) =


x(s, t) = a+ a1s+ a2t +
1
2
(a3s
2 + 2a4st+ a5t
2),
y(s, t) = b+ b1s+ b2t+
1
2
(b3s
2 + 2b4st + b5t
2),
z(s, t) = c+ c1s+ c2t+
1
2
(c3s
2 + 2c4st+ c5t
2).
(9)
Then
r(0, 0) = (a, b, c), rs(0, 0) = (a1, b1, c1), rt(0, 0) = (a2, b2, c2),
rss(0, 0) = (a3, b3, c3), rst(0, 0) = (a4, b4, c4), rtt(0, 0) = (a5, b5, c5).
The normal vector to the surface is perpendicular to the tangent vectors rs and rt. There-
fore, the unit normal is given by n = n(s, t) = rs×rt|rs×rt| . The first and second fundamental
forms of the surface are given by the following matrices
I =
(
E F
F G
)
=
(
rs · rs rs · rt
rt · rs rt · rt
)
,
II =
(
L M
M N
)
=
(
rss · n rst · n
rts · n rtt · n
)
.
Then the Gauss and mean curvatures are computed by
KG =
LN −M2
EG− F 2 , (10)
KM =
EN − 2FM −GL
2(EG− F 2) . (11)
The intersections of Σ and S are corresponding to the roots of the equation F (x(s, t), y(s, t),
z(s, t)) = 0. Expand it by the power of s and t and notice that F (a, b, c) = 0, then we
have
F (x, y, z)
=Fx(x− a) + Fy(y − b) + Fz(z − c) + 1
2!
(Fxx(x− a)2 + Fyy(y − b)2 + Fzz(z − c)2
+2Fxy(x− a)(y − b) + 2Fyz(y − b)(z − c) + 2Fxz(x− a)(z − c)) + · · ·
+
∑
i+j+k=r
r!
i!j!k!
Fxiyjzk(x− a)i(y − b)j(z − c)k + · · ·
=C1,0s+ C0,1t+ C2,0s
2 + C1,1st+ C0,2t
2 + · · · , (12)
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where Ci,j (i, j = 1, 2, . . .) denote the coefficients of s
itj . Denote the vector of coefficients
of degree r by Cr = (Cr,0, Cr−1,1, . . . , C0,r), r = 1, 2, . . .. If C1 = · · · = Cr−1 = 0 and
Cr 6= 0, then (0, 0) is a root of F (s, t) of multiplicity r.
By Eq. (9), the tangent plane at P to the parametric surface Σ is determined by its
normal vector rs × rt = (a1, b1, c1)× (a2, b2, c2). If r is the minimal natural number such
that not all partial derivatives of order r of F (x, y) vanish at P . Then each surface Σ
through P has at least r intersections with S at P . Let Cr = 0, then Σ and S will have
more than r intersections. Notice that all the coefficients Cr,0, Cr−1,1, . . . , C0,r of degree
r are only depending on a1, b1, c1, a2, b2, c2, hence there exist r common tangent planes
(properly computed, and let (a1, b1, c1)× (a2, b2, c2) 6= 0) of Σ and S at P , corresponding
to the root of
Cr = (Cr,0, Cr−1,1, . . . , C0,r) = 0. (13)
P is said to be a point of S of multiplicity r. A point of S of multiplicity one is called
a simple point or regular point of S. A point of multiplicity two or more is said to be
singular.
1) If P is a regular point of S, ∇F = (Fx, Fy, Fz) 6= 0, then
C1,0 = Fxa1 + Fyb1 + Fzc1,
C0,1 = Fxa2 + Fyb2 + Fzc2,
C2,0 =
1
2
(Fxa3 + Fyb3 + Fzc3 + Fxxa
2
1 + Fyyb
2
1 + Fzzc
2
1
+2Fxya1b1 + 2Fyzb1c1 + 2Fxza1c1),
C1,1 = Fxa4 + Fyb4 + Fzc4 + Fxxa1a2 + Fyyb1b2 + Fzzc1c2
+Fxy(a1b2 + a2b1) + Fyz(b1c2 + b2c1) + Fxz(a1c2 + a2c1),
C0,2 =
1
2
(Fxa5 + Fyb5 + Fzc5 + Fxxa
2
2 + Fyyb
2
2 + Fzzc
2
2
+2Fxya2b2 + 2Fyzb2c2 + 2Fxza2c2).
(14)
2) If P is a singular point of S of multiplicity r, then C1 = · · · = Cr−1 = 0, Cr 6= 0.
Similar to the case of plane algebraic curves, there are r tangent planes to the surface
at the singular point. Then the curvature of the surface at the singular point can be
defined by the curvature of the branch of the surface along every tangent plane or normal
vector. Note that the normal vector (a1, b1, c1) × (a2, b2, c2) 6= 0 which is determined by
Cr = 0, i.e., P is a regular point of the parametric surface Σ. Hence, if Σ and S have the
intersection point P of multiplicity much more than r, they will have same curvatures at
P . The computing procedure can be concluded as follows.
Algorithm 2 (Curvatures at the singular point of an algebraic surface) For given
an algebraic surface S : F (x, y, z) = 0, P = (a, b, c) is an r-fold point of S. Let Σ be a
parametric quadratic surface through the point P defined by Eq. (9), then the curvature
at P along each tangent plane to S is determined by the quadratic surface Σ, which has
intersection with S at P with multiplicity of l > r + 1.
10
1) the r normal vectors (a1, b1, c1)× (a2, b2, c2) of the tangent planes to S at P are deter-
mined by equation Cr = 0, where Cr satisfying Eq. (12).
2) substitute the above a1, b1, c1, a2, b2, c2 into Eq. (12), if l is the minimal natural number
such that Cr = · · · = Cl−1 = 0, Cl 6= 0, then the curvature of S at P along the normal
vector (a1, b1, c1)× (a2, b2, c2) equals to the curvature of Σ at P , which determined by
equation Cl = 0. The curvatures are computed by formulas (10) and (11).
By Algorithm 2, if P is a regular point of S, we have the same results with [3] as follows.
Theorem 2 If P is a regular point of an algebraic surface S, by Algorithm 2, the Gauss
and mean curvatures at P of S are
KG=
LN −M2
EG− F 2 =
∇F ∗H∗(F ) ∗ ∇F T
|∇F |4 , (15)
KM =
EN − 2FM +GL
2(EG− F 2) =
∇F ∗H∗(F ) ∗ ∇F T − |∇F |2Trace(H(F ))
2|∇F |3 . (16)
Proof The multiplicity of P is r = 1. By C1,0 = C0,1 = 0, we obtain rs × rt = λ∇F , for
a constant λ 6= 0. Let λ = 1 for convenience.
Denote the hessian by
H = H(F ) =


Fxx Fxy Fxz
Fyx Fyy Fyz
Fzx Fzy Fzz

 = ∇(∇F ),
and the adjoint of the hessian H∗ = H∗(F ). Then by C2,0 = C1,1 = C0,2 = 0, we have
rss · ∇F = −rs ∗H ∗ rTs ,
rst · ∇F = −rs ∗H ∗ rTt = −rt ∗H ∗ rTs ,
rtt · ∇F = −rt ∗H ∗ rTt .
Note that n = ∇F|∇F | , then
EG− F 2= |rs × rt|2 = λ2|∇F |2,
LN −M2 =(rss · n)(rtt · n)− (rst · n)(rts · n)
=
1
|∇F |2 ((rss · ∇F )(rtt · ∇F )− (rst · ∇F )(rts · ∇F ))
=
1
|∇F |2 ((rs ∗H · rs)(rt ∗H · rt)− (rs ∗H · rt)(rt ∗H · rs))
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=
1
|∇F |2 (rs ∗H × rt ∗H) · (rs × rt)
=
1
|∇F |2 ((rs × rt) ∗H
∗) · (rs × rt),
EN − 2FM +GL
=(rs · rs)(rtt · n)− 2(rs · rt)(rst · n) + (rt · rt)(rss · n)
=
1
|∇F |((rs · rs)(rtt · ∇F )− 2(rs · rt)(rst · ∇F ) + (rt · rt)(rss · ∇F ))
=
−1
|∇F |((rs · rs)(rt ∗H · rt)− (rs · rt)(rt ∗H · rs)
+(rt · rt)(rs ∗H · rs)− (rt · rs)(rs ∗H · rt))
=
−1
|∇F |((rs × (rt ∗H)) · (rs × rt) + (rt × (rs ∗H)) · (rt × rs))
=
1
|∇F |(rt × (rs ∗H)− rs × (rt ∗H)) · (rs × rt)
=
1
|∇F |((rs × rt) ∗H − Trace(H)(rs × rt)) · (rs × rt)
=
1
|∇F |((rs × rt)H(rs × rt)
T − Trace(H)|rs × rt|2).
Hence, the theorem can be proved by substituting the above results into formulas (10)
and (11).
Example 10 F (x, y, z) = (x− y)(x2+ y2+ z2− 2Rx). The surface F = 0 is composed of
a plane x = y and a sphere with a radius of R crossing at the origin point P = (0, 0, 0), as
shown in Fig. 10. It is clear that P is singular point of the surface since ∇P (0, 0, 0) = 0.
There are two tangent planes with normal vectors (1,−1, 0) and (1, 0, 0) corresponding
to the plane and the sphere at P , respectively.
By Algorithm 2 and the quadratic parametric surface Eq. (9), we have
F (x, y, z) = C1,0s+ C0,1t+ C2,0s
2 + C1,1st+ C0,2t
2 + · · · ,
where C1,0 = C0,1 = 0, C2,0 = 2a1(b1 − a1), C1,1 = 2a1(b2 − a2)R + 2a2(b1 − a1)R,
C0,2 = 2a2(b2 − a2)R. The origin point is a 2-fold point as C1 = 0, C2 6= 0.
Let C2,0 = C1,1 = C0,2 = 0, we obtain two solutions a1 = b1, a2 = b2 and a1 = 0, a2 = 0.
Case 1: If a1 = b1, a2 = b2, then the normal vector of the tangent plane is rs×rt = (a1c2−
a2c1,−a1c2 + a2c1, 0), equivalent to (1,−1, 0). The coefficients of s3, s2t, st2, t3
are
C3,0 = a1(b3 − a3)R, C2,1 = 2a1(b4 − a4)R + a2(b3 − a3)R,
C1,2 = 2a2(b4 − a4)R + a1(b5 − a5)R, C0,3 = a2(b5 − a5)R.
Let C3,0 = C2,1 = C1,2 = C0,3 = 0, then by Eq. (10) and Eq. (11), we obtain the
Gaussian and mean curvatures at P are KG = 0, KM = 0. This case corresponds
to the plane branch of the surface at the origin.
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Case 2: If a1 = 0, a2 = 0, then the normal vector of the tangent plane is rs × rt =
(b1c2 − b2c1, 0, 0), equivalent to (1, 0, 0). The coefficients of s3, s2t, st2, t3 are
C3,0 = b1(a3R− b21 − c21), C2,1 = b2(a3R − b21 − c21) + 2b1(a4R− b1b2 − c1c2),
C1,2 = b1(a5R− b22 − c22) + 2b2(a4R− b1b2 − c1c2), C0,3 = b2(a5R− b22 − c22).
Let C3,0 = C2,1 = C1,2 = C0,3 = 0, then by Eq. (10) and Eq. (11), we obtain
the Gaussian and mean curvatures at P are KG = 1/R
2, KM = 1/R. This case
corresponds to the sphere branch of the surface at the origin.
Fig. 10. The surface (x− y)(x2 + y2 + z2 − 2Rx) = 0.
Example 11 F (x, y, z) = x4 + y2 + yz2 − z2. The surface F = 0 is composed of two
components intersecting at the origin point P = (0, 0, 0), as shown in Fig. 11. It is clear
that P is singular point of the surface since ∇P (0, 0, 0) = 0. By Algorithm 2 and the
quadratic parametric surface Eq. (9), we have
F (x, y, z) = C1,0s+ C0,1t+ C2,0s
2 + C1,1st+ C0,2t
2 + · · · ,
where C1,0 = C0,1 = 0, C2,0 = b
2
1 − c21, C1,1 = 2(b1b2 − c1c2), C0,2 = b22 − c22. Hence, the
origin point is a 2-fold point.
Let C2,0 = C1,1 = C0,2 = 0, we obtain two solutions b1 = c1, b2 = c2 and b1 = −c1, b2 =
−c2.
Case 1: If b1 = c1, b2 = c2, then the normal vector of the tangent plane is rs × rt =
(0,−a1b2+a2c1, a1b2−a2c1), equivalent to (0, 1,−1). The coefficients of s3, s2t, st2, t3
are
C3,0 = c1(c
2
1 + b3 − c3), C2,1 = b2(b3 − c3) + 3b2c21 + 2c1(b4 − c4),
C1,2 = 2b2(b4 − c4) + 3b22c1 + c1(b5 − c5), C0,3 = b2(b22 + b5 − c5).
Let C3,0 = C2,1 = C1,2 = C0,3 = 0, then by Eq. (10) and Eq. (11), we obtain the
Gaussian and mean curvatures at P are KG = 0, |KM | =
√
2/8.
Case 2: If b1 = −c1, b2 = −c2, then the normal vector of the tangent plane is rs × rt =
(0, a1b2+a2c1, a1b2+a2c1), equivalent to (0, 1, 1). The coefficients of s
3, s2t, st2, t3
are
C3,0 = −c1(c21 + b3 + c3), C2,1 = b2(b3 + c3) + 3b2c21 − 2c1(b4 + c4),
C1,2 = 2b2(b4 + c4)− 3b22c1 − c1(b5 + c5), C0,3 = b2(b22 + b5 + c5).
13
Let C3,0 = C2,1 = C1,2 = C0,3 = 0, then by Eq. (10) and Eq. (11), we obtain the
Gaussian and mean curvatures at P are KG = 0, |KM | =
√
2/8.
The above two cases are corresponding with the two components of the surface F (x, y, z) =
0 at the singular point P , as shown in Fig. 11.
Fig. 11. The surface x4 + y2 + yz2 − z2 = 0 and its two tangent plane at the singular point
P = (0, 0, 0).
4 Curvatures and torsions at the singular points of space algebraic curves
For given a space algebraic curve C defined by the intersection of two algebraic surfaces
S1 : F (x, y, z) = 0 and S2 : G(x, y, z) = 0, i.e.,
C :


F (x, y, z) = 0,
G(x, y, z) = 0.
(17)
A point P is called a singular point of C, if where ∇F ×∇G = 0. It includes three cases:
∇F = 0, ∇G = 0, or ∇F = λ∇G for a constant λ 6= 0.
Firstly, we discuss the multiplicity of the singularity. Similar to the case of plane curves,
we can define the multiplicity of the singular point by the number of tangents (counting
multiplicity) of the curve at the singular point. Note that each tangent line to the space
curve C is determined by the intersection of a pair of tangent planes to the two surfaces
S1 and S2 respectively. Suppose that the multiplicities of P are r1 and r2 corresponding
to surfaces S1 and S2 respectively. It means that S1 has r1 tangent planes and S2 has
r2 tangent planes at P . If the r1 tangent planes are different to the r2 tangent planes,
then the curve C has r1r2 tangent lines at P . However, we remark that the multiplicity
of the singularity of the space curve is more complex than the case of the plane curve,
since the space curve is determined by two equations. We present the computation of the
multiplicity of the singularity at a point as follows.
Let Γ be a cubic parametric curve through the point P of C, defined by the following
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equations
r(t) =


x(t) = a + a1t +
1
2!
a2t
2 +
1
3!
a3t
3,
y(t) = b+ b1t+
1
2!
b2t
2 +
1
3!
b3t
3,
z(t) = c + c1t+
1
2!
c2t
2 +
1
3!
c3t
3.
(18)
Then r(0) = (a, b, c), r′(0) = (a1, b1, c1), r′′(0) = (a2, b2, c2), r′′′(0) = (a3, b3, c3). The
curvature and torsion at P = (a, b, c) of Γ are
k=
|r′ × r′′|
|r′|3 , (19)
τ =
det(r′ r′′ r′′′)
|r′ × r′′|2 . (20)
The intersections of Γ and C are corresponding to the roots of the equations F (x(t), y(t), z(t)) =
0 and G(x(t), y(t), z(t)) = 0. Expand them by the power of t and notice that F (a, b, c) =
G(a, b, c) = 0, then we have


F (x, y, z) = C1t+ C2t
2 + C3t
3 + · · · ,
G(x, y, z) = D1t +D2t
2 +D3t
3 + · · · .
(21)
In order that the above two equations have common root of t, it is necessary that they
have sufficient same coefficients Ci = Di, i = 1, 2, . . ..
Suppose that l is the minimal natural number such that C1 = D1 = 0, . . . , Cl−1 = Dl−1 =
0, Cl = Dl 6= 0. If there are r solutions of (a1, b1, c1) (counting multiplicity) by Cl = Dl = 0
(if needed, let Cl+1 = Dl+1, . . .), then we obtain the r tangents to the curve at P and the
multiplicity of the singularity of P is r.
Further, the curvature and torsion at P along every tangent to C is determined by the
cubic curve Γ, which has intersection with C at P with multiplicity of much more than r.
We conclude the procedure as the following algorithm.
Algorithm 3 (Curvatures at the singular point of a space algebraic curve) For
given a space algebraic curve C defined by Eq. (17), P = (a, b, c) is an r-fold point of C.
Let Γ be a parametric cubic curve through the point P defined by Eq. (18).
1) By Eq. (21), if l(≥ 1) is the minimal natural number such that C1 = · · · = Cl−1 =
D1 = · · · = Dl−1 = 0, Cl = Dl 6= 0, then the r tangents (a1, b1, c1) of C at P are
determined by equations Cl = Dl = 0 (if needed, let Cl+1 = Dl+1, . . .).
2) Substitute the above a1, b1, c1 into Eq. (21). If p(> l) is the minimal natural number
such that C1 = · · · = Cp−1 = D1 = · · · = Dp−1 = 0, Cp = Dp 6= 0, then the curvature of
C at P along the tangent (a1, b1, c1) equals to the curvature of Γ at P , which determined
by equations Cp = Dp = 0 (if needed, let Cp+1 = Dp+1, . . .). The curvature is computed
by Eq. (19).
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3) Substitute the above a2, b2, c2 into Eq. (21). If q(> p) is the minimal natural number
such that C1 = · · · = Cq−1 = D1 = · · · = Dq−1 = 0, Cq = Dq 6= 0, then the torsion of
C at P along the tangent (a1, b1, c1) equals to the torsion of Γ at P , which determined
by equations Cq = Dq = 0 (if needed, let Cq+1 = Dq+1, . . .), The torsion is computed
by Eq. (20).
In order to verify the correctness of Algorithm 3, we prove that the curvature and torsion
obtained by Algorithm 3 is same to that by formula in [3] when the point P is regular.
Theorem 3 If P is a regular point of a space algebraic curve C, the curvature and torsion
at P obtained by Algorithm 3 are
k=
|r′ × r′′|
|r′|3 =
|((∇F ×∇G) · ∇(∇F ×∇G))× (∇F ×∇G)|
|∇F ×∇G|3 ,
τ =
det(r′ r′′ r′′′)
|r′ × r′′|2 =
det(T ∗ T ∗∗ T ∗∗∗)
|T ∗ × T ∗∗|2 .
where T ∗, T ∗∗, T ∗∗∗ are defined as [3],
T ∗ = ∇F ×∇G, T ∗∗ = (∇F ×∇G) · ∇(∇F ×∇G),
T ∗∗∗ = (∇F×∇G)·∇(∇(∇F×∇G))·(∇F×∇G)+(∇F×∇G)·∇(∇F×∇G)·∇(∇F×∇G).
Proof The multiplicity of P is r = 1, ∇F 6= 0, ∇G 6= 0 and ∇F ×∇G 6= 0, then
C1 = Fxa1 + Fyb1 + Fzc1 = r
′ · ∇F,
C2 =
1
2
(r′′ · ∇F + r′ ·H(f) · r′),
C3 =
1
6
(r′′′ · ∇F + 3r′′ ·H(f) · r′ + (r′ · ∇H(f) · r′)r′),
D1 = Gxa1 + Gyb1 +Gzc1 = r
′ · ∇G,
D2 =
1
2
(r′′ · ∇G+ r′ ·H(G) · r′),
D3 =
1
6
(r′′′ · ∇G+ 3r′′ ·H(G) · r′ + (r′ · ∇H(G) · r′)r′),
(22)
where r′ · ∇F means the inner product of two vectors r′ and ∇F , r′ · H(f) · r′ means
product of row vector r′, matrix H(f) and column vector r′T , and ∇ applied to a matrix
such as H(F ) means apply ∇ to each column vector of the matrix to generate a list of
three consecutive matrices [3].
By C1 = D1 = 0, we obtain r
′ = λ(∇F × ∇G), for a constant λ 6= 0. Let λ = 1 for
convenience, then r′ = ∇F ×∇G.
By C2 = D2 = 0, we obtain r
′′ · ∇F = −r′ ·H(F ) · r′ and r′′ · ∇G = −r′ ·H(G) · r′. Then,
r′×r′′ = (∇F×∇G)×r′′ = (∇F ·r′′)∇G−(∇G·r′′)∇F = (r′·H(G)·r′)∇F−(r′·H(F )·r′)∇G.
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By computation, it is easy to verify that
(r′ ·H(G) · r′)∇F − (r′ ·H(F ) · r′)∇G = (∇F ×∇G)× ((∇F ×∇G) · ∇(∇F ×∇G)).
That is
(r′ · ∇(∇F ×∇G))× r′ = r′′ × r′.
Note that
∇(∇F ×∇G)
=∇{det
(
Fy Fz
Gy Gz
)
, det
(
Fz Fx
Gz Gx
)
, det
(
Fx Fy
Gx Gy
)
}
=H(F )×∇G−H(G)×∇F
= {∇Fx ×∇G, ∇Fy ×∇G, ∇Fz ×∇G} − {∇Gx ×∇F, ∇Gy ×∇F, ∇Gz ×∇F},
then
∇(∇F ×∇G) · ∇F
= {(∇Fx ×∇G) · ∇F, (∇Fy ×∇G) · ∇F, (∇Fz ×∇G) · ∇F}
=−(∇F ×∇G){∇Fx, ∇Fy, ∇Fz} = −(∇F ×∇G) ·H(F )
=−r′ ·H(F ) = −H(F ) · r′,
we have
(r′ · ∇(∇F ×∇G)) · ∇F = r′ · (∇(∇F ×∇G) · ∇F ) = −r′ ·H(F ) · r′ = r′′ · ∇F,
similarly, (r′ · ∇(∇F ×∇G)) · ∇G = r′′ · ∇G. Hence, we obtain r′′ = r′ · ∇(∇F ×∇G).
By C3 = D3 = 0, we have
(r′, r′′, r′′′) = (r′′′ × r′) · r′′ = −(r′ × r′′′) · r′′ = −((∇F ×∇G)× r′′′) · r′′
=−((∇F · r′′′)∇G− (∇G · r′′′)∇F ) · r′′
=(r′′′ · ∇G)(r′′ · ∇F )− (r′′′ · ∇F )(r′′ · ∇G)
= (3r′′ ·H(G) · r′ + (r′ · ∇H(G) · r′) · r′)(r′ ·H(F ) · r′)
−(3r′′ ·H(F ) · r′ + (r′ · ∇H(F ) · r′) · r′)(r′ ·H(G) · r′).
By computation, it equals to (T ∗, T ∗∗, T ∗∗∗), where T ∗ = r′, T ∗∗ = r′′ and
T ∗∗∗ = (∇F×∇G)·∇(∇(∇F×∇G))·(∇F×∇G)+(∇F×∇G)·∇(∇F×∇G)·∇(∇F×∇G)
according to [3]. So we prove that the curvature Eq. (19) and torsion Eq. (20) at P of the
parametric curve Γ are equivalence to that presented in [3].
Lastly, we apply Algorithm 3 to the following examples.
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Example 12 F (x, y, z) = x2+y2+z2−2Rx, G(x, y, z) = x2+2y−yz+z. ∇F (0, 0, 0) =
(−2R, 0, 0), ∇G(0, 0, 0) = (0, 2, 1), ∇F × ∇G 6= 0, then the origin P = (0, 0, 0) is a
regular point (as shown in Fig. 12).
By Algorithm 3 and a parametric cubic curve (18), we have


F (x, y, z) = C1t + C2t
2 + C3t
3 + · · · ,
G(x, y, z) = D1t+D2t
2 +D3t
3 + · · · ,
where, C1 = −a1R, D1 = 2b1 + c1.
1) By C1 = D1 = 0, we obtain a1 = 0, c1 = −2b1, then the tangent vector to the curve at
P is (0, 1,−2), and C2 = 5b21 − a2R, D2 = 2b21 + b2 + c2/2.
2) By C2 = D2 = 0, we obtain a2 = 5b
2
1/R, c2 = −2(2b21+ b2), By Eq. (19), the curvature
of the curve at P is
√
125+16R2
125R2
, and C3 = 8b
3
1 + 5b1b2 − a3R/3, D3 = 2b31 + 2b1b2 +
b3/3 + c3/6.
3) By C3 = D3 = 0, we obtain a3 = 3(8b
3
1 + 5b1b2)/R, c3 = −2(6b31 + 6b1b2 + b3), By
Eq. (20), the torsion of the curve at P is − 36R
125+16R2
.
Fig. 12. The figure of the curve
{x2+y2+z2−2Rx = 0}∩{x2+2y−yz+z = 0}.
Fig. 13. The figure of the curve
{x2+y2−2R1x = 0}∩{x2+z2−2R2x = 0}.
Example 13 F (x, y, z) = x2 + y2 − 2R1x, G(x, y, z) = x2 + z2 − 2R2x. ∇F (0, 0, 0) =
(−2R1, 0, 0), ∇G(0, 0, 0) = (−2R2, 0, 0), ∇F ×∇G = 0, then the origin P = (0, 0, 0) is a
singular point of the curve (as shown in Fig. 13).
By Algorithm 3 and a parametric cubic curve (18), we have


F (x, y, z) = C1t + C2t
2 + C3t
3 + · · · ,
G(x, y, z) = D1t+D2t
2 +D3t
3 + · · · ,
where, C1 = −2a1R1, D1 = −2a1R2, C2 = a21 + b21 − a2R1, D2 = a21 + c21 − a2R2.
Case 1: If R1 = R2 = R, then C1 = D1. By C2 = D2, we obtain b1 = ±c1. Then let
C1 = D1 = 0, we have a1 = 0. Hence, we obtain two tangents (0, 1, 1) and (0, 1,−1), and
the point P is a 2-fold point of the curve.
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1) If a1 = 0, b1 = c1, the tangent to the curve at P is (0, 1, 1), and C2 = D2 = b
2
1 − a2R,
C3 = b1b2 − a3R/3, D3 = b1c2 − a3R/3.
By C2 = D2 = 0, C3 = D3, we obtain a2 = b
2
1/R, b2 = c2. By Eq. (19), the
curvature of the curve at P is 1
2R
. Then let C3 = D3 = 0, C4 = D4, by Eq. (20), the
torsion of the curve at P is 0.
2) Similarly, we obtain the curvature and torsion of the curve at P along the tangent
(0, 1,−1) are 1
2R
and 0.
Case 2: If R1 6= R2. By C1 = D1, C2 = D2, we obtain a1 = 0, a2 = (b21 − c21)/(R1 − R2),
and C1 = D1 = 0, C2 = D2 = (b
2
1R2 − c21R1)/(R2−R1). By C2 = D2 = 0, then we obtain
two solutions a1 = 0, c1 = ±b1
√
R2/R1, and the point P is a 2-fold point of the curve.
1) If a1 = 0, c1 = b1
√
R2/R1, the tangent to the curve at P is (0, 1,
√
R2/R1), and
C3 = b1b2 − a3R1/3, D3 = b1c2
√
R2/R1 − a3R2/3.
By C3 = D3 = 0, we obtain b2 =
a3R1
3b1
, c2 =
a3
√
R1R2
3b1
, By Eq. (19), the curvature of
the curve at P is 1/(R1 +R2). Then let C4 = D4 = 0, by Eq. (20), the torsion of the
curve at P is 3(R1−R2)
4
√
R1R2(R1+R2)
.
2) Similarly, we obtain the curvature and torsion of the curve at P along the tangent
(0, 1,−
√
R2/R1) are 1/(R1 +R2) and
3(R2−R1)
4
√
R1R2(R1+R2)
.
Example 14 F (x, y, z) = x4 + y2 + yz2 − z2, G(x, y, z) = x2 + y2 − 2Rx. ∇F (0, 0, 0) =
(0, 0, 0), ∇G(0, 0, 0) = (−2R, 0, 0). As discussed in Example 11, the origin P = (0, 0, 0) is
a 2-fold point of the surface F (x, y, z) = 0, and is a simple point of the surface G(x, y, z) =
0. Then P is a 2-fold point of the curve since the tangent planes of the two surfaces are
different (as shown in Fig. 14).
By Algorithm 3 and a parametric cubic curve (18), we have


F (x, y, z) = C1t + C2t
2 + C3t
3 + · · · ,
G(x, y, z) = D1t+D2t
2 +D3t
3 + · · · ,
where, C1 = 0, D1 = −2a1R, C2 = b21 − c21, D2 = a21 + b21 − a2R.
By C1 = D1, C2 = D2, we obtain a1 = 0, a2 = c
2
1/R, and C1 = D1 = 0, C2 = D2 = b
2
1−c21.
By C2 = D2 = 0, then a1 = 0, c1 = ±b1.
1) If a1 = 0, c1 = b1, then the tangent to the curve at P is (0, 1, 1), and C3 = b
3
1 + b1b2−
b1c2, D3 = b1c2 − a3R/3.
Let C3 = D3 = 0, we obtain a3 = 3b1b2/R, c2 = b
2
1 + b2. By Eq. (19), the curvature
of the curve at P is
√
2+R2
2
√
2R
. Then let C4 = D4 = 0, by Eq. (20), the torsion of the
curve at P is − 9R
4(2+R2)
.
2) Similarly, we obtain the curvature and torsion of the curve at P along the tangent
(0, 1,−1) are
√
2+R2
2
√
2R
and 9R
4(2+R2)
.
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Fig. 14. The figure of the curve
{x4+y2+yz2−z2 = 0}∩{x2+y2−2Rx = 0}.
Fig. 15. The figure of the curve
{x4 + y2 + yz2 − z2 = 0} ∩ {xy = 0}.
Example 15 F (x, y, z) = x4 + y2 + yz2 − z2, G(x, y, z) = xy. ∇F (0, 0, 0) = (0, 0, 0),
∇G(0, 0, 0) = (0, 0, 0). It is easy to know that the origin P = (0, 0, 0) is a 2-fold point of
both surfaces F (x, y, z) = 0 and G(x, y, z) = 0, then P is a 4-fold point of the curve since
the tangent planes of the two surfaces are different (as shown in Fig. 15).
By Algorithm 3 and a parametric cubic curve (18), we obain


F (x, y, z) = C1t + C2t
2 + C3t
3 + · · · ,
G(x, y, z) = D1t+D2t
2 +D3t
3 + · · · ,
where, C1 = 0, D1 = 0, C2 = b
2
1 − c21, D2 = a1b1.
By C2 = D2 = 0, we obtain four tangents (0, 1, 1), (0, 1,−1), (1, 0, 0) and (1, 0, 0).
1) If a1 = 0, c1 = b1, the tangent to the curve at P is (0, 1, 1), and C3 = b
3
1 + b1b2− b1c2,
D3 = a2b1/2.
Let C3 = D3 = 0, we obtain a2 = 0, c2 = b
2
1 + b2. By Eq. (19), the curvature of the
curve at P is 1
2
√
2
. Let C4 = D4 = 0, then by Eq. (20), the torsion of the curve at P is
0.
2) If a1 = 0, c1 = −b1, we obtain the curvature and torsion of the curve at P along the
tangent (0, 1,−1) are 1
2
√
2
and 0.
3) If b1 = c1 = 0, the tangent to the curve at P is (1, 0, 0) (a double root), and C3 = 0,
D3 = a1b2/2, C4 = a
4
1 + b
2
2/4 − c22/4, D4 = a2b2/4 + a1b3/6. The curvature cannot
be determined only by C3 = D3 = 0. Note that P is a 4-fold point of the curve, it
is necessary that C3 = D3, C4 = D4. Then we have b2 = 0, b3 =
3(4a4
1
−c2
2
)
2a1
, and
C3 = D3 = 0, C4 = D4 = a
4
1 − c22/4. By C4 = D4 = 0 and Eq. (19), the curvature of
the curve at P is 2 (of multiplicity 2). Besides, we obtain b3 = 0, then y = 0. It means
that the curve lies on a plane, hence the torsion is 0.
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